We extend the structure theorem for the subgroups of the class of HNN groups to a new class of groups called quasi-HNN groups. The main technique used is the subgroup theorem for groups acting on trees with inversions.
1. Introduction. Quasi-HNN groups have appeared in [3] . In this paper, we use the results of [8] to obtain the structure theorem for the subgroups of quasi-HNN groups and give some applications. We will use the terminology and notation of [3] .
Let G be a group, and let I, J be two indexed sets. Let {A i : i ∈ I}, {B i : i ∈ I}, and {C j : j ∈ J} be families of subgroups of G.
For each i ∈ I, let φ i : A i → B i be an onto isomorphism and for each j ∈ J, let α j : C j → C j be an automorphism such that α 2 j is an inner automorphism determined by c j ∈ C j and c j is fixed by α j . That is, α j (c j ) = c j and α It is proved in [3] that G is embedded in G * (the imbedding theorem of quasi-HNN groups), and every element g of G * , g ≠ 1 can be written as a reduced word of G * .
That is, g = g o t In this case we call G * a pure quasi-HNN group with base G and associated pairs of subgroups (C j ,C j ), j ∈ J of G. The notation of a tree product of groups as defined in [2] will be needed.
In this paper, we form the subgroup theorem for the quasi-HNN group G * , defined above, by applying the subgroup theorem for groups acting on trees with inversions obtained by [8] . In particular, if H is a subgroup of the quasi-HNN group G * defined above, then H is itself a quasi-HNN group (with possibly trivial free part); its base is a tree product π with vertices of the form xGx −1 ∩ H and amalgamated subgroups either trivial or conjugate of the A i and C j intersected with H; moreover, every conjugate of G intersected with H is either trivial or is conjugate in H to a vertex of π . This paper is divided into seven sections. In Section 2, we introduce the concepts of graphs and the actions of groups on graphs. In Section 3, we have a summary of the structure of groups acting on trees with inversions. In Section 4, we have a summary of the structure of the subgroup theorem of the groups acting on trees with inversions. In Section 5, we associate a tree on which a quasi-HNN group acts and then we form the subgroup theorem for quasi-HNN groups. In Section 6, we apply the results of Section 5 to find the structures of the subgroups of HNN group. In Section 7, we apply the results of Section 5 to find the structures of the subgroups of pure quasi-HNN group.
Basic concepts.
We begin by giving preliminary definitions. We denote by a graph X a pair of disjoint sets V (X) and E(X) with V (X) nonempty, together with a mapping E(X) → V (X)×V (X), y → (o(y), t(y)), and a mapping E(X) → E(X), y → y, satisfying the conditions that y = y, and o(y) = t(y), for all y ∈ E(X). The case y = y is possible for some y ∈ E(X). For y ∈ E(X), o(y), and t(y) are called the ends of y, and y is called the inverse of y. If A is a set of edges of X, we define A to be the set of inverses of the edges of A. That is, A = {y : y ∈ A}. For definitions of subgraphs, trees, morphisms of graphs, and Aut(X), the set of all automorphisms of the graph X which is a group under the composition of morphisms of graphs, see [5] or [9] . We say that a group G acts on a graph X, if there is a group homomorphism φ : G → Aut(X). If x ∈ X (vertex or edge) and g ∈ G, we write y) ), and g(y) = g(y). The case g(y) = y for some g ∈ G and some y ∈ E(X) may occur. That is, G acts with inversions on X.
We have the following notations related to the action of the group G on the graph X:
and this set is called the orbit of X containing x; (2) if x, y ∈ X, we define G(x, y) = {g ∈ G : g(x) = y} and G(x, x) = G x , the stabilizer of x. Thus G(x, y) ≠ ∅ if and only if x and y are in the same G orbit. It is clear that if v ∈ V (X), y ∈ E(X), and u ∈ {o(y), t(y)}, then G(v, y) = ∅, G y = G y , and
3. The structure of groups acting on trees with inversions. In this section, we summarize the presentation for groups of groups acting on trees with inversions obtained by [5] . For the rest of this section G will be a group acting on a graph X, T be a tree of representatives for the action of the group G on X, and Y be a fundamental domain for the action of G on X such that T ⊆ Y and X G = ∅.
We have the following definitions. 
Define [y] to be the element
[y] is called the value of the edge y. Definition 3.5. By a reduced word w of G we mean an expression of the form
(4) w contains no expression of the form y i ·g i y
The value of w denoted [w] is defined to be the element
Before we state the main result of this section, we have the following notations: 
) and w(g) are words in the generating symbols of
and g, respectively, where g is in the set of the generators of G y ;
w(g) and w (g) are words in the generating symbols of G o(x) of values g and [x]g[x]
−1 , respectively, where g is in the set of the generators of G x ;
2 stands for the of relation
2 ) is a word in the set of the generators of G x . Let G, X, T , Y , Y 0 , Y 1 , and Y 2 be as above such that X is a tree, and H be a subgroup of G. We have the following definitions.
where 
Before we proceed to state the main result of this section, we introduce the following convention on notation on the generators and defining relations of H:
where g ∈ D y are similar to the relations of G as in Theorem 3.6(ii).
The main result of this section is the following theorem. For the proof see [ 
∅. (II) H has the presentation P | R , where P is the set of generating symbols of the following forms:
(1) the generating symbols of the subgroups 
(III) R is the set of relations of the following forms: 
Corollary 4.7. If H ∩ G y = {1} for all y ∈ E(X), then H is a free product of a quasi-HNN group and the intersections of H with G v for all v ∈ V (T ).

Corollary 4.8. If H is a nontrivial free product, then H is either infinite cyclic group, a finite cyclic group of order 2, or H is contained in G v for some v ∈ V (X).
Corollary 4.9. If H is a normal subgroup of G such that H ∩G v is quasi free group for all v ∈ V (X), and H ∩ G y = {1} for all y ∈ E(X), then H is a quasi free group.
Corollary 4.10. If H has the property that
is a tree product of the subgroups
and
Subgroups of quasi-HNN groups.
In this section, we construct a tree on which a quasi-HNN group acts with inversions, and then we formulate its subgroups.
The following lemma is essential for the proof of the main theorem of the paper.
Lemma 5.1. A group is a quasi-HNN group if and only if there is a tree on which the group acts with inversion and is transitive on the set of vertices. Moreover, the stabilizer of any vertex is conjugate to the base and the stabilizer of any edge is conjugate to an associate subgroup of the base.
Proof. Let G be a group acting with inversions on a tree X such that G is transitive on V (X). Let T be a tree of representatives, and Y be a fundamental domain for the action of G on X such that T ⊆ Y . Since G is transitive on V (X), therefore T consists of exactly one vertex v (say) without edges. So Y 0 = ∅. Since G acts with inversions on X, therefore Y 2 ≠ ∅. Then by Theorem 3.6, G has the presentation 
It is clear that α x is an automorphism of G x , and α 2 x is inner automorphism of G x determined by g x , and α x ([x] 2
Conversely, let G * be the quasi-HNN group
of base G, and associated pairs (A i ,B i ), and (C j ,C j ), i ∈ I, j ∈ J of subgroups of G. Now, we construct a tree X on which G * acts on X with inversions such that G * is transitive on V (X), and call it the standard tree associated with the quasi-HNN group. In this construction, define
and define
The terminals of the edges are defined as follows:
The inverses of the edges are defined as follows: 
From above, we see that λ i and λ i , and β i and β i are in different G * edge orbits, while γ j and γ j are in the same G * edge orbit. Moreover, any edge of X is of the form g(λ i ),
Let Y be the subgraph of X consisting of the edges λ i , β i , and γ j , and their terminals and inverses for all i ∈ I and all j ∈ J. Thus, V (Y ) = {G, t i G, t This completes the proof.
Remark 5.2. The tree X, constructed above, will be called the standard tree of the quasi-HNN group G * .
In view of Lemma 5.1 and Definition 4.2 the following concepts is clear. Let H be a subgroup of the quasi-HNN group for s = 1,...,n; (5.11) s }, and {D s } defined above will be called a cress for
The main result of this section is the following theorem. (II) H has the presentation P | R , where P is the set of generating symbols of the following forms:
Theorem 5.4. Let H be a subgroup of the quasi-HNN group
(1) the generating symbols of the subgroup (III) R is the set of relations of the following forms:
where i ∈ I and g ∈ D i ;
where j ∈ J and g ∈ D j such that H ∩ gt j C j g −1 = ∅;
Proof. Let X be the standard tree constructed in Lemma 5.1 on which G * acts. (1), (3), and (4), and relations (II)(1), (6), (7), (8), and (9) 
